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A family ~; of subsets is called k-dense if there exists a k-element set A such that  all 2 k of 
its subsets can be obtained in the form A n F for some F E:~. Best possible bounds  are obtained 
for the m a x i m u m  number  of sets in not k-dense k-parti te families. This is a consequence of a new 
rank formula for inclusion matrices. 

1. I n t r o d u c t i o n  

Let X be a finite set, X = { 1 , 2 , . . . , n } .  A family ~ c 2  x is called e-dense, ~ a 
positive integer, if there exists an ~-element subset D such that for all subsets B of 
D there exists som~ F = F ( B ) C ~  with D N F = B .  That  is, 

O~D :---- {F N D : F E 5~} = 2 D. 

It is a classical result of Sauer [7], Shelah-Perles [8] and Vapnik-Cervonenkis 
[9] that 

(1) I f l S ~ , > ~ ( n ) ,  thenS~isg-dense. 
i<g 

For simple proofs see [1], [3] and [5]. Let us mention that  the maximal g for 
which 5 ~ is e-dense is usually called the Vapnik-Cervonenkis dimension of 5~. 

A family o ~ is called k-uniform if IFI = k holds for all F ~ 5~. Also, 5 ~ is called 
uniform if it is k-uniform for some k. 

~ In [5] it is proved that (1) can be improved for uniform families. 

( n ) andS~isun i fo rmthen :~ i s* -dense .  (2) If[~] > e - 1  ' 

Considering the families (e_Xx) or (nX+l)  shows that  (2) is best possible. 
Let us recall the following conjecture. 
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Conjecture 1.. [5] Suppose that ~ c (x) is not k-dense, n > 2k then 

holds. 

Note that  if true, then (3) sharpens the Erdhs-Ko-Rado Theorem ([2]), which 
asserts that (3) holds under the much stronger assumption: ~ contains no pair of 
disjoint sets, i.e., ~ ~ ~ F  holds for every F E 2~, and obviously, H ~ 5~ H for H E 

Unfortunately, we could not prove (3), but we shall derive best possible bounds 
for an important special class of families. 

Suppose that  X =XlUX2U.. .UXk is a partit ion and ~ c (x)  satisfies IFNXi[ = 
1 for all FE :~  and l < i < k .  Then ~ is called k-partite and XzUX2U. . .UXk is the 
corresponding partition (there can be several corresponding partitions for the same 
5 ) .  Let K(X1. , . . . ,Xk)  be the complete k-partite family that  is, 

X ( X 1 , . . . , X k )  = {F E ( X )  : [FNXi] = I, l < i < k } .  

Note that [X(X1. . .  ,Xk)[ = IX1[ ' . . . '  [Xk[. 

Example 1. Let X = X1U. . .  UXk be a partit ion and let A = {x l , . . . , xk}  be a set 
satisfying xi c Xi for 1 < i < k. 

Define N ' = 2 ( X 1 , . . . , X k )  by 

o ~ = { B E K ( X 1 , . . . , X k )  , B N A r  

Now, 2 is not k-dense. Indeed, let F E (X) be arbitrary. If IFNXil _> 2 for 
some i, then F N B # F N X  i is obvious for all B E J3. Otherwise the set F - A  is 
missing from 2 F ,  because k-partiteness and B n F = F - A would imply B n A = ~5, 
i.e., B~:~.  

Theorem 1. Suppose that ~ C J~(XI, . . . ,Xk)  iS a k-partite, not k-dense family. 
Then 

(4) IJI 
holds. 

We shall prove (4) using a rank formula. For a matrix M let rankpM denote 
its rank over the field of p elements. 

For a family :~ C (k X) and an integer 0 < g < k one defines the inclusion matrix 
of order g,M(g,J) as an (~) by [5~ I matrix with columns indexed by the sets F e 

1~, and the rows by GE (X), and the general entry m ( a , F )  being 

1, i f G c F  
m ( G , F ) =  O, i f G ~ F .  
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Theorem 2. 

(5) rankpM(k - 1 , X ( X 1 , . . . ,  Xk) ) = I :~(X1, . . . ,  Xk)  [ 

holds for every p. 

Call a family :~ g-degenerate if there exists a numbering of its members ~ - -  
{F1, . . . ,  Fro} and a collection ~ = {G1, . . . ,  Gin} of g-element sets such that  

Gi c Fi, 1 < i < m and 
Gi ~ Fj, l <_ i < j < m hold. 

: Considering the rows of the inclusion matrix M(g ,5)  corresponding to ~, we 
obtain a lower triangular matrix, with an M]-one diagonal. This implies rank 
M~,:~)  = I:~1 over any field. Therefore, via the following proposition, (5) implies 
(4):. 

Proposition 1. Suppose that ~ C (x )  is a k-partite, not a k-dense family. Then 
is ~J~- 1)-degenerate. 

: The  paper is organized as follows. In Section 2 the proof of Theorem 2 and in 
SectiOn 3 the proof of Proposition 1 is given. In the last section related and open 
problems are mentioned. 

2. T h e  p r o o f  o f  t h e  r a n k  f o r m u l a  (5).  

Consider an ordering B1, B2, . . . ,  Bm of the members of :~ = ~(X1, . .  �9 Xk),  i.e., 
m = 12[, satisfying I Bi n A I < ]Bj N A I for 1 < i < j _< m. Consequently, Bm = A. 

Define A i = B i - A  and note that  

(6) Ai ~ By holds for 1 < i < j _< m. 

Let Di be an arbitrary (k - 1)-element set satisfying Ai C Di C Bi, 1 < i < m. 
From (6) it follows that  the submatrix of M = M ( k - I , • ( X 1 , . . . ,  Xk)  ) spanned 

by the rows indexed by Di, and the columns indexed by Bj,  is an lower triangular 
matrix inwhich every entry of the main diagonal is 1. Consequently, the rank of 
M i s a t  least 121 over any field. This proves the lower bound part of (5). To prove 
the upper bound part we are going to show that if one adds any column vector to 
the Column vectors indexed by B E ~, the vectors cease to be linearly independent 
over any field. 

Indeed suppose that the new column is indexed by C. Since C ~ ~, CnA = 
(I). AlSo, C is the only k-subset of the 2k-element set AUC which is disjoint to A. 
Therefore the family N = {G E K ( X 1 , . . . ,  Xk) : G C A U C} satisfies N C (5~ U {C}). 

No te  that INI =2  k. We claim that  by summing the column vectors indexed by 
G ~N and with coefficients (_I)IGnAI one obtains the all-zero vector. Indeed, let 
H b'e an arbitrary (k - 1)-element set. If H is contained in some G E N, then it is 
contained in exactly two, say G1, G2. Moreover, from the extra elements G 1 -  H,  
G 2 -  H one is in A, the other is in C. Consequently, (_I)IGlnAI = _(_l ) lG2nnl  
holds, proving our claim. | 
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3. T h e  p r o o f  o f  P r o p o s i t i o n  1. 

Suppose that S c K ( X 1 , . . .  , X/v ) is not (k-1)-degenerate.  Set S 0 = S. Suppose 

that Si  was defined for i = 0 ,1 , . . . , s .  If there exists some F C Ss, and G E (k~l) 
such that  G c F t E  Ss implies F t =  F,  i.e., F is the only member of Ss containing 
G. Then set Fs+I=F, Gs+I=G and S s + I = S s - { F } .  

Since S is not ( k -  1)-degenerate, this procedure will stop. That  is, we obtain 

a non-empty family St  c S  such that  for every F ES t  and every G C (/~F__I) there is 

some F # Ft E St  with G c F t. 
We are going to conclude the proof by showing that  Stl P = 2 F holds, that  is, 

S t  is k-dense in a strong sense. 
Suppose for contradiction, that  for some H C F there is no F(H) C St  with 

FMF(H) =H. Choose H in a way that  IHI is maximal with respect to this property. 
Since F M F = F ,  IHI < k -  1 holds. 

Let K be an arbitrary set satisfying H c K c F ,  ]K I = IHI+I .  By the maximal 
choice of H,  there is some F(K)ES~ satisfying F A F ( K ) = K .  

Let x be the unique element of K - H  and consider the (k-1)-e lement  set G = 
F(K) - {x}. Then there exists some F(K) 7~ F t C St  with G C F t. However, this 
implies F N F t = H  (this is the place where we use the fact that S is k-partite), a 
contradiction. | 

5. R e l a t e d  a n d  o p e n  p r o b l e m s .  

Probably the most important open problem in this are is Conjecture 1. Unfor- 
tunately, Proposition 1 does not hold for k-uniform families in general. Otherwise 
one could give a proof using the following result. 

Theorem ([4], [6]). Suppose that S C (x) is t-degenerate, 0 <_ f < k. Then ISI _< 

What happens if one considers k-uniform families are not t-dense? 
An easy construction is the following. Fix a ( k - f + l ) - e l e m e n t  set B c X, and 

define S :  {F  c ( x ) :  B C F}.  Clearly, tSI : (n-~+1~--1) and S is not t-dense. 
This suggests: 

Conjecture 2. Suppose that S C (x) is not t-dense, k > f > 2. Then 

isI _< (n - f- k + f -  1) ho1 s rot > n0(k) 

Again, the weaker bound IS] < (e_nl) follows from the linear algebra argument 

of [5]. 
Recall that a family S is called t-intersecting if [F N Ft[ > t holds for all F,  

F t CS. 
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Proposition 2. I f  ~ c (~)  is t-intersecting then it is not ( k - t +  1)-dense. 

Proof.  Suppose for contradict ion tha t  ~ B  = 2B sot some ( k - - t  + l)-set  B. Choose 
F ,  F ;  E ~ to satisfy F A B = B and F ~ N B = q~, respectively. Then  B C ( F  - F~), 
implying IF N F '  I _< ]F I - I BI = t - 1, a contradict ion.  | 

In view of Proposi t ion  2, if t rue then Conjecture  2 would sharpen the Erdhs- 
Ko-Rado  Theorem,  which says tha t  (7) holds for ( k - g +  1)-intersecting families. 

R e f e r e n c e s  

[1] N. ALON: On the density of sets of vectors, Discrete Math. 46 (1983), 199-202. 
[2] P. ERD~S, C. Ko, and R. RADO: Intersection theorems for systems of finite sets, 

Quart. J. Math. Oxford(2) 12 (1961), 313-320. 
[3] P. FRANKL: On the trace of finite sets, J. Combin. Th. A. 34 (1983) 41-45. 
[4] P. FRANKL: An extremal problem for two families of sets, European J. Comb. 3 

(1982), 125 127. 
[5] P. FRANKL, and J. PACH: On the number of sets in a null t-design, European J. 

Comb. 4 (1983), 21-23. 
.[6] G. KALAI: Intersection patterns of convex sets, Israel J. Math. 48 (1984), 161-174. 
[7] N. SAUEm On the density of families of sets, J. Combin. Th. A. 13 (1972), 145-147. 
[8] S. SHELAH: A combinatorial problem, Pacific. J. Math. 41 (1972), 247-261. 
[9] V. ~x~. VAPNIK~ and A. J. CERVONENKIS: The uniform convergence of frequencies of 

the appearance of events to their probabilities, (in Russian), Teor. Veroyatn. 
Primen. 16 (1971), 264-279. 

P. Frankl 

CNRS, Paris 
France 

M. Watanabe  

Science University of Tokyo 
Kagurazaka~ Shinjuku-ku 
Tokyo i62, Japan 


